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Overview:		The	Main	Message	

•  Helicity	PDF’s	obey	novel,	
intricate	small-x	quantum	
evolu7on	equa7ons.	

•  Small-x	evolu7on	leads	to	a	
poten7ally	sizeable	
contribu7on	to	the	proton	spin.	
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Mo7va7on:		The	Small-x	Limit	of	PDF’s	
Dulat	et	al.,	Phys.	Rev.	D93	(2016)	no.3	033006	

•  Unpolarized	PDF’s	show	a	power-law	
growth	of	gluons	and	sea	quarks	at	
small	x	due	to	(BFKL)	quantum	
evolu7on.	

	
	
•  The	cascade	of	small-x	gluons	drives	

up	the	color-charge	density,	
enhancing	mul7ple	scaXering.	

	
	
•  The	high-density	limit	is	

characterized	by	the	satura7on	of	
the	gluon	distribu7on.	
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M.S.,	Ph.D.	Thesis,	arXiv:1407.4047	
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Mo7va7on:		Helicity	PDF’s	at	Small	x	
•  In	contrast,	helicity	PDF’s	are	

suppressed	with	power-law	tails.	
	
•  The	small-x	evolu7on	of	helicity	PDF’s	

was	studied	by	BER,	predic7ng	a	
growth	at	small	x	

	
	
•  Could	the	small-x	region	make	an	

important	contribu7on	to	the	proton	
spin?	

•  Could	satura7on	physics	be	relevant?	

A Polarized Window into Saturation...?

M. Sievert 8 / 42Quark Polarization at Small x

• If the calculation by BER is correct, 
then the quark and gluon spin 
contributions would diverge.

• Saturation could play an important 
role in regulating the proton spin at 
small x!

•Could spin be another lever to 
search for evidence of saturation?

•What is the physics of spin at small x?

Could it 
grow?

adapted	from	Aschenauer	et	al.,		
Phys.	Rev.	D92	(2015)	no.9	094030	

de	Florian	et	al.,	Phys.	Rev.	D80	(2009)	034030	

Bartels,	Ermolaev,	and	Ryskin,	Z.	Phys.	C72	(1996)	627	
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Polarized	DIS	at	Small	x	
•  In	DIS	at	small	x,	quark	dipole	

scaXering	dominates	over	quark	
“knockout”.		

	
	
•  PDF’s	at	small	x	are	described	by	

dipole	scaXering	amplitudes.	
	
	
	
•  Polarized	PDF’s	at	small	x	are	

described	by	polarized	dipole	
scaXering	amplitudes.	
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The	Polarized	Dipole	Amplitude	

•  Calculate	the	polarized	dipole	amplitude	by	
rela7ng	it	to	a	dipole	cross-sec7on.	
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•  Calculate	the	Born	ini7al	condi7ons	
to	quantum	evolu7on.	
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•  Explicitly	scale	out	energy	suppression	of	
ini7al	condi7ons:	
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Origins	of	Helicity	Evolu7on	

•  Can	strong	quantum	evolu7on	reduce	or	
offset	the	suppression	of	helicity	at	small	x?	
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•  Helicity	evolu7on	is	driven	by	parton	
splihng	func7ons	which	transfer	spin	
to	small	x.	

•  Helicity	evolu7on	is	double	
logarithmic,	stronger	than	
unpolarized	evolu7on	
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A Polarized Window into Saturation...?

M. Sievert 8 / 42Quark Polarization at Small x

• If the calculation by BER is correct, 
then the quark and gluon spin 
contributions would diverge.

• Saturation could play an important 
role in regulating the proton spin at 
small x!

•Could spin be another lever to 
search for evidence of saturation?

•What is the physics of spin at small x?

Could it 
grow?

adapted	from	Aschenauer	et	al.,		
Phys.	Rev.	D92	(2015)	no.9	094030	
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Helicity	Evolu7on:		The	BoXom	Line	
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The	Need	for	Large-Nc	Limit	
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•  Helicity	evolu7on	leads	to	an	
infinite	hierarchy	of	operators	

•  The	large-Nc	limit	closes	the	
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•  But	due	to	compe7ng	phase	
spaces,	not	all	dipoles	are	
independent!	
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The	Large-Nc	Equa7ons	

•  System	of	equa7ons	for	the	dipole	+	“neighbor	dipole”	

•  Neighbor	dipole	differs	due	to	compe7ng	phase	space	constraints	
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AXemp7ng	an	Analy7cal	Solu7on	
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•  Change	to	rescaled	logarithmic	variables	

•  Standard	technique:		Laplace/Mellin	
transform	+	saddle	point	approxima7on	
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•  Fails	because	the	neighbor	dipole	couples	
the	arguments	in	Mellin	space!	
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Resor7ng	to	a	Numerical	Solu7on	

•  Resort	to	discre7zing	on	a	
grid	and	solving	numerically	

•  Choose	endpoints	to	
allow	an	itera7ve	
solu7on	
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•  For	fixed	grid	parameters																		,	we	can	calculate	the	polarized	
dipole	star7ng	from	the	ini7al	condi7ons	at												.	
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Extrac7ng	the	Small-x	Asympto7cs	◂ ▸

•  For	a	given	set	of	grid	parameters,	
we	obtain	the	intercept	

•  Evolve	in					un7l	the	asympto7c	
power-law	behavior	sets	in.	
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•  Fit	the	slope	of											in	the	upper	
25%	of	the					range	to	extract	the	
intercept	(power)							.	
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Extrapola7ng	to	the	Con7nuum	

•  We	can	scan	the	grid	parameter	
space	up	to	a	computa7onal	limit	on	
the	grid	size:	

•  The	physical	point	is		(�⌘, ⌘
max

) ! (0,1)

•  Use	an	AIC-weighted	average	to	
extrapolate	to	the	physical	point.	

•  Fit	all	“data	points”	to	a	con7nuous	
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Our	Result:	The	Small-x	Tail	

•  Our	results	(flavor-singlet	,	pure	
glue,	large-Nc):	

↵h = 2.31
q

↵sNc
2⇡

•  First	QCD	constraint	on	the	small-
x	limit	of	the	helicity	PDF’s!	
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•  Flavor	non-singlet	case	does	not	
couple	to	gluons	(40%	smaller)	

•  Fixed	coupling:	
Q2	=	3	GeV2	 Q2	=	10	GeV2	

αh	=	0.936	 αh	=	0.797	

Intercept	
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p
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A	Surprising	Discrepancy	

•  Our	results	(pure	glue,	large-Nc):	
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Bartels,	Ermolaev,	and	Ryskin,	Z.	Phys.	C72	(1996)	627	

•  BER	(pure	glue,	Nc-independent):	

•  Our	intercept	is	35%	smaller	than	BER	
and	generally	integrable	as												.	x ! 0

Q2 = 10 GeV 2for	

•  A	similar	decrease	is	seen	from	the	all-
twist	to	leading-twist	BFKL	intercept….			
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Implica7ons	for	the	Proton	Spin	Puzzle	
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•  Our	intercept	can	be	combined	
with	PDF	fits	to	es7mate	the	small-
x	contribu7on	to	the	proton	spin.	

•  The	small-x	tail	can	make	a	
poten7ally	large	contribu7on!	

•  But…	depends	strongly	on	the	
approach	to	small	x:	

de	Florian	et	al.,	Phys.	Rev.	D80		
(2009)	034030	
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Adolph	et	al.,	Phys.	LeV.	B753	
(2016)	18	

Ø Onset	of	small-x	behavior…	
Ø  Assump7ons	about	flavor	

symmetry	in	the	sea…	
Ø  Strange	quark	

fragmenta7on	func7ons...	
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Conclusions	
•  Our	numerical	solu7on	gives	the	first	

QCD	constraints	on	the	small-x	
asympto7cs	of	helicity	PDF’s.	

•  The	enhancement	we	find	at	small	x	
is	35%	smaller	than	in	the	literature.	

•  Can	make	a	substan7al	contribu7on	
to	the	proton	spin	puzzle.	

•  This	result	needs	to	be	incorporated	
from	the	ground	level	in	the	next-
genera7on	PDF	fits.	
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Outlook:		Future	Direc7ons	
•  Show	that	the	same	intercept	describes	the	

gluon	helicity	PDF	at	small	x.		(in	progress)	

A Polarized Window into Saturation...?

M. Sievert 8 / 42Quark Polarization at Small x

• If the calculation by BER is correct, 
then the quark and gluon spin 
contributions would diverge.

• Saturation could play an important 
role in regulating the proton spin at 
small x!

•Could spin be another lever to 
search for evidence of saturation?

•What is the physics of spin at small x?

Could it 
grow?

•  Include	quarks	by	taking	the	large	Nc	+	Nf	
limit.		(cumbersome	but	straighXorward)	

•  Leading-log	evolu7on	and	
satura7on	correc7ons	(hard…)	

•  Finite-Nc	correc7ons	(hard…)	

•  Other	polariza7on	observables	
(the	sky’s	the	limit!)	

Semi-inclusive Deep Inelastic Scattering

Semi-inclusive hadron production in deep inelastic scattering (SIDIS) provides a power-
ful probe of the transverse momentum dependent (TMD) quark distributions of nucleons.
Common kinematic variables have been described in the DIS section (see the Sidebar on
page 18). In SIDIS, the kinematics of the final state hadrons can be specified as follows

x

y

z

φS

�

Ph

S⊥

k

k

q

Figure 2.11: Semi-inclusive hadron production
in DIS processes: e+N ! e0 + h+X, in the
target rest frame. P

hT

and S? are the trans-
verse components of P

h

and S with respect to
the virtual photon momentum q = k � k

0.

�h, �s Azimuthal angles of the final state
hadron and the transverse polarization
vector of the nucleon with respect to
the lepton plane.

PhT Transverse momentum of the final state
hadron with respect to the virtual pho-
ton in the center-of-mass of the virtual
photon and the nucleon.

z = P
h

· P/q · P gives the momentum frac-
tion of the final state hadron with re-
spect to the virtual photon.
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Figure 2.12: Leading
twist TMDs classified ac-
cording to the polarizations
of the quark (f, g, h)
and nucleon (U, L, T).
The distributions f?,q

1T

and

h?,q

1

are called naive-time-
reversal-odd TMDs. For glu-
ons a similar classification of
TMDs exists.

The di↵erential SIDIS cross section can be written as a convolution of the transverse
momentum dependent quark distributions f(x, k

T

), fragmentation functions D(z, p
T

), and
a factor for a quark or antiquark to scatter o↵ the photon. At the leading power of 1/Q,
we can probe eight di↵erent TMD quark distributions as listed in Fig. 2.12. These distri-
butions represent various correlations between the transverse momentum of the quark k

T

,
the nucleon momentum P , the nucleon spin S, and the quark spin s

q

.
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Backup	Slides:	
The	Disagreement	with	BER	

Bartels	et	al.,	Z.	Phys.	C72	(1996)	627	
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What	Do	BER	Do?	

•  AXempt	to	re-sum	mixed	logarithms	of	x	and	Q2.	

What Do BER Do?

M. Sievert 44 / 42Quark Polarization at Small x

1 Introduction

The investigation of the structure functions g1 and g2 provides the basis for the theoretical
description of polarization effects in deep inelastic lepton nucleon scattering. Particular in-
terest has been given to the behavior of g1 at small x: experimental data [1] on both gP

1 and
gN
1 are limited to x > 10−2, and numerical values of the moments ΓP,N =

∫ 1
0 dxgP,N

1 therefore
depend upon the extrapolation in the region x < 10−2.

In QCD the Q2 evolution at not too small x of g1 is, like in the unpolarized case, de-
scribed by the GLAP-evolution equations [2, 3]. The prediction for the small-x behavior is
that both the quark and the gluon polarized structure functions go as

∆q(x, Q2), ∆g(x, Q2) ∼ exp
√

const · αs ln(Q2/µ2) ln(1/x). (1.1)

In particular, in the flavor singlet part the gluons and the quarks mix. In a recent paper
[4] it has been shown, for the flavor nonsinglet contribution to g1, that this simple double
log extrapolation (1) of the GLAP evolution equations, in fact, strongly underestimates the
rise at small x. The reason is that, at x ≪ 1, new double logarithmic contributions appear
which are beyond the control of the standard evolution framework. To be more precise, in
the region of not too small x where the standard analysis applies the leading behavior in the
n-th order of αs is of the type

(αs ln(Q2/µ2))n[an(ln(1/x))n + an−1(ln(1/x)n−1 + ...] (1.2)

(where µ denotes the renormalization scale, and for simplicity we restrict ourselves to a fixed
αs), whereas at very small x the dominant contributions are of the form:

(αs ln(1/x) ln(1/x))n. (1.3)

These double logarithmic contributions are not included in the standard evolution scheme
[3]. In [4] the sum of the double logarithms

(αs)
n[bn(ln(1/x))2n + bn−1(ln(1/x))2n−1 ln(Q2/µ2) + ... + b0(ln(1/x))n(ln(Q2/µ2))n (1.4)

has been shown to give rise to a power-like increase of the flavor nonsinglet structure function
at small-x which is stronger than the GLAP predicition (1).

In this paper we continue our investigation of the small-x behavior of g1 in the double
logarithmic approximation, by calculating the flavour singlet contribution. Like in the fla-
vor nonsinglet case, we derive and solve evolution equations which describe the dependence
upon the infrared cutoff of the transverse momentum integrations. Our main results is the
power-like growth of g1 at small-x (eqs.(4.21) - (4.23)). A discussion of the phenomenological
implications of our result will be presented in a forthcoming paper.

2

Bartels et al., Z.Phys. C72 (1996) 627

•Re-sums mixed logarithms:

•They have ladder + non-ladder gluons

• Feynman gauge!

•  They	also	have	both	ladder	and	non-ladder	gluons	
(the	primary	source	of	our	complexity)	

What Do BER Do?
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2

Bartels et al., Z.Phys. C72 (1996) 627

•Re-sums mixed logarithms:

•They have ladder + non-ladder gluons

• Feynman gauge!

•  Their	calcula7on	uses	Feynman	gauge	(we	use	light-cone	gauge).	
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What	are	BER’s	Equa7ons?	
•  Transform	the	spin-dependent	part	of	

the	hadronic	tensor	to	Mellin	space:	

What Are BER’s Equations?
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.

10

1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
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Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF
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(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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1/q2 ≈ 1
αqβ′s , 1/k2

2 ∼ 1/k2
2t and the spin part of the propagators, which for the nonsense,

longitudinally polarization (gn
νν′ ≈ Q′

νpν′/(Q′p)) in the DL kinematical region β2 ≪ β ′ ≃ β1

(αq ≫ α′) gives the factor ≃ −(qp)(2k1Q′)/(pQ) ≃ αqβ ′s. This factor cancels the propagator
1/q2, while the next propagator 1/k2

2t ∼ 1
k′2

t
provides the logarithmic integration dk′2

t /k′2
t in

the region k′
t > k1t. As it is known [14], the sum of such contributions is equal to the ladder

contribution (Fig. 4) but has an opposite sign. So it cancels the double logs coming from
k′

t > kti and restores the conventional DGLAP ordering kt,i+1 > kt,i for the gluon loops.
Fortunately, this does not happen for the spin dependent structure function g1. In this case
the vertex of the ”nonsense” gluon k′ emission changes the sign, if unstead of the longitudi-
nal polarizations of t-channel gluons k1 and k2 (in the left side of Figs.7c,d we consider the
transverse polarization et

1 ⊥ k1t.6. Thus the amplitudes of the Fig.7 type, where the gluon
k′ is emitted one time by the transverse gluon and another time by the longitudinal one,
cancel each other and we come back to the ladder configuration with the ordering eqs.(2.30),
(2.31).

3 Infrared Evolution Equations

In this section we construct the infrared evolution equations which are necessary for the
calculation of T3 and g1. We shall follow [4], and we begin with the amplitude T3 which,
following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.
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Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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following the discussion of the previous section, consists of the two components:

T3 =

(

T3(γ∗g)
T3(γ∗q)

)

(3.1)

(from now on it will be understood that we consider the singlet part only, and we suppress
the subscript “S“.) The structure function then follows from the relation (2.3), and we
have to take into account both DL-contributions and iπ -terms. We write T3 as a Mellin
transform:

T3 =
∫ i∞

−i∞

dω

2πi
(

s

µ2
)ωξ(ω)R(ω, y), (3.2)

where R(ω, y) is a two-component vector, defined on analogy to (3.1). The signature factor
ξ(ω) = is:

=
e−iπω − 1

2
≈

−iπω

2
, (3.3)

6To save logarithm in dβ′/β′ integration the gluon k′ should be the longitudinal, nonsence one; on the
other hand the polarization vectors of the t-channel gluons k1 (or k2) and k̃1 should be — one transverse
and one longitudinal (for the small-x limit of g1) as it was discussed just before eq. (11). If the vector e1 ∥ p

than the leading contribution comes from the graphs Fig.7e,f and Γµνρ · pµQ′

νQ′

ρ/(pQ′) ≃ −k1Q′

pQ′ = −α1,

while for the transverse vector e1 = e1t = e2t only the diagram Fig.7e do work and Γµνρe1tµe2tνQ′

ρ/pQ′ ≈
+α1 + O(α2); (α2 ≪ α1).
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and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.

10

and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.

10

and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.

10

and

y = ln(
Q2

µ2
). (3.4)

Thus

− µ2 ∂R

∂µ2
= (ω +

∂

∂y
)R. (3.5)

Eq.( 3.5) represents the left-hand side of the IREE for T3 which is illustrated in Fig.8.
The right hand side is obtained from the observation that the dependence upon the cutoff
µ resides in the intermediate state with lowest virtuality (Fig.8): the µ-derivative of the
amplitudes are equal to R times quark or gluon scattering amplitudes with the external legs
having transverse momenta close to µ. We are thus lead to the definition of a quark-quark
scattering amplitude for which we use an integral representation of the form (3.2). The
partial wave will be denoted by Fqq. More general, we introduce the four amplitudes Fqq,
Fqg, Fgq, and Fgg, and in analogy with (2.28) we combine them into the two by two matrix
F0

F0 =

(

Fgg Fqg

Fgq Fqq

)

(3.6)

(it is the analogue to f (−)
0 in [4]). In terms of this F0, the vector evolution equation for R

becomes (Fig.8):

(ω +
∂

∂y
)R =

1

8π2
F0R. (3.7)

In analogy with [4, 8] the evolution equation of F0 has the form (Fig.9a):

F0(ω) =
g2

ω
M0 −

g2

2π2ω2
G0F8(ω) +

1

8π2ω
F0(ω)2. (3.8)

Here we have used the the matrices M0 and G0 defined in the previous section. The second
term on the rhs of (3.8) corres ponds to the gluon bremsstrahlung diagrams: in analogy to
the matrix F0 which carries color zero we define the matrix F8 of color octet amplitudes (it

is the analogue to f (+)
8 in [4]). These amplitudes satisfy the evolution equation similar to

(3.8):

F8 =
g2

ω
M8 +

g2CA

8π2ω

d

dω
F8(ω) +

1

8π2ω
F8(ω)2. (3.9)

The matrix M8 is taken from the previous section, and the color factor CA in front of the
second term on the rhs is the analogue of the matrix G0 in (3.8). The difference between
CA in (3.9) and G0 in (3.8) is due to the fact that for the positive signature amplitude F8

the sum of the two bremsstrahlungs diagrams (illustrated in Fig.9b) is independent of the
type of the incoming partons, and the matrix of color factors G8 becomes CA times the unit
matrix.

10

Indeed, let us first take βi+1 ≪ βi and kt,i+1 > kt,i. In this case αi+1 ≈ k2
t,i+1

sβi
≫ αi ≈

k2
t,i

sβi−1

(we have used the fact that s-channel partons with the momenta ki − ki+1 are on mass shell;

(ki − ki+1)2 ≈ −k2
t,i+1 − αi+1βis = 0). On the other hand, if kt,i+1 < kt,i one has αi+1 ≈

k2
ti

sβi
.

In order to save the leading logarithm, we have to satisfy the condition: k2
i+1 ≈ −k2

t,i+1, i. e.
αi+1βi+1s ≪ k2

t,i+1. In other words, our condition looks as

α̃i+1 =
k2

t,i+1

βi+1s
≫

k2
ti

βis
≡ α̃i (2.31)

and as in [6] we can simply use the ordering eq.(2.19) with the α̃i (eq.(2.31)) instead of the αi.

In the final part of this section we have to consider nonladder diagrams as illustrated in
Fig.7. We will call a non-ladder gluon ”soft” if its transverse momentum is smaller than
the momenta of all the partons comprised by the non-ladder gluon. According to Gribov’s
kT -factorization theorem [7] 5 the whole amplitude of the ’soft’ gluon emission can be writ-
ten as the bremsstrahlung from one of the “external“ lines of the block comprized by this
gluon. Therefore the double logarithmic contribution coming from such a ’soft’ gluons can
be summed up with the help of the infrared evolution equation[8], in the same way as it was
done for the non-singlet structure function g1 in[4]. When summing over all possibilities of
attaching the soft gluon to the external legs, we get a total color factor which depends on
both the total t-channel color quantum number and the type of incoming partons. We will
need the color singlet channel. For incoming gluons and fermions the color factors are CA

and CF , resp. In matrix notation we define

G0 =

(

CA 0
0 CF

)

. (2.32)

Finally we note that non-ladder gluons with k′
t larger than the transverse momenta in the

part of the ladder, which is comprised by them (they will be called ’hard’) do not give double
logarithms. For a nonladder gluon that runs across the ladder from one side to the other
(e.g. from the lower left to the upper right leg), the large momentum has to flow through
some internal small kti ladder propagators, and the large momentum k′

t changes the normal
1/k2

ti factor to 1/k′2
t , in this way killing the leading logarithm dk2

ti/k
2
ti (see Fig.7). These hard

nonladder gluons therefore do not contribute to the double logarithmic approximation. Next
we consider vertex correction (Fig. 7b). Then we can say that in the ultraviolet (large k′

t)
region there are no any double logs in the Feynmann gauge for the vertex function. So, one
can anticipate that there are no DL-correction coming from large-kt-region in the Feynmann
gauge for the vertex function. However, we have to be more carefull here. For the unpolar-
ized case there exists an example (BFKL) where a special cutting of the vertex-type diagram
does give rise to a double log contribution. Indeed, let us consider the non-ladder on-shell

gluon k′ added to the amplitude: the loop integration yields d2k′
tdβ′

16π3β′ , two propagators —

5For QCD the Gribov’s theorem was considered in more detail in [8, 7, 9] and [10]
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which corresponds to the diagrams Fig.5c.

Together with the colour coefficient Nc it means that the insertion of an extra s-channel
gluon into the gluon loop of Fig.3 leads to the double log integration

4Nc
αs

2π

∫ dβ2

β2

∫ dk2
t

k2
t

. (2.26)

Indeed, in order to keep the largest power of 1/x and to save the logarithm in the integrals
over kt we have to choose in (2.25) the transverse components of k1 and k2 and the longitu-
dinal indices in δµ′µ”, δν′ν”, δµ′ν” or δν′µ”. Such a configuration conserves the main structure
of the gluon loop fig. 3, inserting instead of the spin part of the transverse gluon propagator
−eν′yeν”y (in Fig. 3) the expression (eν”k1t)(eν′k2t) = −|k1t ∥ k2t| sin2 ϕ (here ϕ is the angle
between the transverse momenta k1 and k2 and we take into account the fact that eν′ ⊥ k1t

and eν′′ ⊥ k2t). An additonal power of |k1t| and |k2t| comes from the traces of the lower and
upper quark loops (like in the case of eq.(2.15)) and (2.16)). So after the integration over
the azimuthal angle (⟨sin2 ϕ⟩ = 1/2) the vertex eq.(2.25) gives us the result (2.26) From this
we extract the gluon rung ∆Pgg:

∆gg = 4Nc = 4CA (2.27)

Finally, let us collect our results for the four different rungs. We define a matrix M0 as
illustrated in Fig.6, which contains the splitting functions ∆Pij :

M0 =

(

4CA −2Tf

2CF CF

)

(2.28)

(here CA = N , CF = N2−1
2N , and Tf = nf

2 are the usual SU(N) color factors; note that we
have chosen to put the gluons into the first column and row). This matrix will be used in the
following section where we shall derive the infrared evolution equations. For later purposes
it will be convenient to consider also the color octet t-channel. In this case the color matrix
analogous to (2.28) reads:

M8 =

(

2CA −Tf

CA −1/2N

)

. (2.29)

From our previous discussion we have also obtained the general pattern of the region of
phase space which gives the double logarithmic contributions.The limits of integrations fol-
low from the ordering condition given in eqs.(2.18),(2.19). In terms of βi and kti it means
that [15, 6]

k2
t,i+1 ≫ k2

t,i

βi+1

βi
(here k2

ti > 0). (2.30)
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the matrix E0 is found to be:

E0 =

(

1 0.42
0.28 1

)

. (4.16)

For the partial wave R(ω, y) in (3.2) we obtain:

R(ω, y) = E0
1

ω − F̂0/8π2

(

Q2

µ2

)F̂0/8π2

E−1
0

(

0
2e2

q

)

. (4.17)

Retaining in F̂0 only the leading upper component, we find for the behavior of R near the
square root branch point at ω = ωs:

R(ωs, y) ∼
1

1 − 0.12

(

1 −0.42
0.28 −0.12

)

2

ωs

(

Q2

µ2

)ωs/2 (
0

2e2
q

)

. (4.18)

The fact that the matrix elements in the rightmost column are both negative has the impor-
tant consequence that the leading contribution at small x changes the sign relative to the
input distribution. Finally,

gS
1 =

ω3/2
s

8
√

2π

2
ωs

+ ln Q2/µ2

(ln(1/x))3/2
(∆g, ∆Σ)R(ωs, Q

2)(
1

x
)ωs

(

1 + O(
ln2 Q2/µ2

ln 1/x
)

)

(4.19)

where the vector R is from (4.18), and the (transposed) vector (∆g, ∆Σ) represents the
initial conditions of the gluon and quark polarized distributions. It should be kept in mind
that here we have retained only the leading singularity ωs of (4.14). With ω0 from (4.7) and

αs = 0.18 we find ωs = zs

√

αsNc/2π = 1.12.

Finally, taking into account also F8 we quote the result of a numerical calculation. For
the larger of the two z-values we find (nf = 4):

zs = 3.45 (4.20)

(the pure gluonic case would have given z = 3.66). With ω0 from (4.7) and αs = 0.18 we
find

ωs = zs

√

αsNc/2π = 1.01, (4.21)

and with x+ = 0.29, x− = 0.43

R(ωs, y) ∼
(

1.14 −0.50
0.33 −0.14

)

2

ωs

(

Q2

µ2

)ωs/2 (
0

2e2
q

)

, (4.22)

i.e. the negative sign persists. The result for g1 becomes:

g1(x, Q2) =
ω3/2

s

8
√

2π

2
ωs

+ ln Q2/µ2

(ln(1/x))3/2
(∆g, ∆Σ)R(ωs, y)(

1

x
)ωs

(

1 + O(
ln2 Q2/µ2

ln 1/x
)

)

(4.23)
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•We agree on the ladder part....

•  But	all	the	complexity	actually	
only	leads	to	a	small	effect	
compared	to	the	ladder	
graphs.	
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1 0.42
0.28 1

)

. (4.16)

For the partial wave R(ω, y) in (3.2) we obtain:

R(ω, y) = E0
1

ω − F̂0/8π2

(

Q2

µ2

)F̂0/8π2

E−1
0

(

0
2e2

q

)

. (4.17)

Retaining in F̂0 only the leading upper component, we find for the behavior of R near the
square root branch point at ω = ωs:

R(ωs, y) ∼
1

1 − 0.12

(

1 −0.42
0.28 −0.12

)

2

ωs

(

Q2

µ2

)ωs/2 (
0

2e2
q

)

. (4.18)

The fact that the matrix elements in the rightmost column are both negative has the impor-
tant consequence that the leading contribution at small x changes the sign relative to the
input distribution. Finally,

gS
1 =

ω3/2
s

8
√

2π

2
ωs

+ ln Q2/µ2

(ln(1/x))3/2
(∆g, ∆Σ)R(ωs, Q

2)(
1

x
)ωs

(

1 + O(
ln2 Q2/µ2

ln 1/x
)

)

(4.19)

where the vector R is from (4.18), and the (transposed) vector (∆g, ∆Σ) represents the
initial conditions of the gluon and quark polarized distributions. It should be kept in mind
that here we have retained only the leading singularity ωs of (4.14). With ω0 from (4.7) and

αs = 0.18 we find ωs = zs

√

αsNc/2π = 1.12.

Finally, taking into account also F8 we quote the result of a numerical calculation. For
the larger of the two z-values we find (nf = 4):

zs = 3.45 (4.20)

(the pure gluonic case would have given z = 3.66). With ω0 from (4.7) and αs = 0.18 we
find

ωs = zs

√

αsNc/2π = 1.01, (4.21)

and with x+ = 0.29, x− = 0.43

R(ωs, y) ∼
(

1.14 −0.50
0.33 −0.14

)

2

ωs

(

Q2

µ2

)ωs/2 (
0

2e2
q

)

, (4.22)

i.e. the negative sign persists. The result for g1 becomes:

g1(x, Q2) =
ω3/2

s

8
√

2π

2
ωs

+ ln Q2/µ2

(ln(1/x))3/2
(∆g, ∆Σ)R(ωs, y)(

1

x
)ωs

(

1 + O(
ln2 Q2/µ2

ln 1/x
)

)

(4.23)

13

zs = 4 pure glue

•We agree on the ladder part....•  We	agree	on	the	ladder	part,	but	we	seem	to	include	
addi7onal	diagrams	which	lead	to	a	larger	effect.	
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Diagramma7c	Discrepancies	

A

p1

p2

k1

k2

k1 − k2

k2

k1

σ1

σ2

B

p1

p2

k1

k2

k1 − k2

k2

σ1

σ2

C

p1

p2

k1

k2

k1 − k2

k2

σ1

σ2

p1 − k1 + k2 p1 − k2

D

p1

p2

k1

k1 − k2

k2

σ1

σ2

p1 − k1 + k2

p2 − k1 + k2

E

p1

p2

k1

k1 − k2

k2

σ1

σ2

p1 − k2

p2 − k1 + k2

F

p1

p2

k1 − k2

k2

σ1

σ2

p1 − k1 + k2

k2

HG I

p1

p2

k1 − k2

k2

σ1

σ2

k2

p1

p2

k1 − k2

k2

σ1

σ2

k2

p1

p2

k1 − k2

k2

σ1

σ2

k2

Not	DLA	

Not	DLA	Not	DLA	 Cancels	

Cancels	 Nonvanishing	
Contribu7on	

Us:		All	Cancel	

BER:		B+C	=	0	for																						,		
	A	=	nonvanishing	contribu7on	

k22T � k21T

Not	considered	by	BER?	
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Anomalous	Dimensions	
•  They	reproduce	the	DGLAP	anomalous	dimensions	to	NLO	(and	

beyond)…	

DGLAP Anomalous Dimensions

M. Sievert 49 / 42Quark Polarization at Small x

•BER reproduce the NLO DGLAP anomalous dimensions

with R from (4.22).

Let us finally compare our result with the fixed order calculations. The region where we
expect our result to coincide with the fixed order calculation is

√
αs ≪ ω ≪ 1. We therefore

expand our anomalous dimension matrix in powers of g2/ω2. To leading order we obtain:

γ(0)
S = 2

αs

4π

1

ω

(

4CA −2Tf

2CF CF

)

. (4.24)

It agrees (as we have already mentioned before) with the singular part of [3, 11]. The
next-to-leading-order matrix has the form:

γ(1)
S = (

αs

4π
)2 1

ω3

(

32C2
A − 16CFTf −16CATf − 8CFTf

16CACF + 8C2
F 4C2

F − 16CFTf + 8CF

N

)

. (4.25)

After transformation to xB, it agrees with the leading powers on ln x given in eq.(3.65)-(3.68)
of [12].

5 Discussion

The main result of this paper is the power-like behavior of the flavor singlet part of g1 at small
x (eq.(4.23)). The (leading) power is by a factor 2.6 larger than in the nonsinglet case. This
effect is mainly due to the t-channel gluons states, which have a much larger color charge
(cf.eq.(2.28), (2.29)) than the quarks (comparing the pure gluon and the pure fermionic case

and neglecting the nonladder gluons one finds ωsinglet/ωnonsinglet =
√

4CA/CF = 3). As it can
be seen from a comparison of (4.14) and (4.20), the influence of the bremsstrahlung gluon is
of the order of 10%. Comparing the flavor singlet with the nonsinglet, one notices that the
nonladder bremsstrahlungs gluons act in quite different ways: in the present case, due to
the positive sign of the largest matrixelemnt of M8 (M8 11), the leading ω-plane singularity
moves to the left, i.e. the exponent of 1/x decreases from ωs = 1.12 to ωs = 1.01. For the
flavor nonsinglet, on the other hand, the nonladder gluons lead to an increase of the exponent.

As to the polarization of the t-channel ladder gluons, the following pattern has emerged.
In the unpolarized case, both t-channel gluons are longitudinally polarized (i.e. they are
in the nonsense helicity state), and the resulting behaviour is g(x, Q2) ∼ (1/x)1+O(αs). In
the polarized case, this leading contribution of gluon polarizations cancels, and the next-
to-leading configuration appears: one gluon is still longitudinally polarized, but the other
one has transverse polarization. The small-x behaviour is now of the form g1(x.Q2) ∼
(1/x)O(

√
αs). If both gluons are transversely polarized, the small-x behaviour is further sup-

pressed: ∼ (1/x)−1+O(
√

αs). This contribution has been studied in [13].

Compared to the small-x prediction of the standard GLAP evolution equation, the main
reason for the strong enhancement of our calculation lies in the different regions of phase
space. Whereas in the GLAP case we have strong ordering in transverse momenta of the

14

• ...But we also reproduce the G/G anomalous dimension 
in the large-Nc limit:

�(1)
S,GG(!) =

⇣↵s

2⇡

⌘2
8N2

c
1

!3

•Wherever our disagreement is, it greatly changes the 
intercept without changing the anomalous dimension...

•  We	also	reproduce	the	G/G	anomalous	dimension	in	the	large-Nc	
limit…	
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•BER reproduce the NLO DGLAP anomalous dimensions

with R from (4.22).

Let us finally compare our result with the fixed order calculations. The region where we
expect our result to coincide with the fixed order calculation is

√
αs ≪ ω ≪ 1. We therefore

expand our anomalous dimension matrix in powers of g2/ω2. To leading order we obtain:

γ(0)
S = 2

αs

4π

1

ω

(

4CA −2Tf

2CF CF

)

. (4.24)

It agrees (as we have already mentioned before) with the singular part of [3, 11]. The
next-to-leading-order matrix has the form:

γ(1)
S = (

αs

4π
)2 1

ω3

(

32C2
A − 16CFTf −16CATf − 8CFTf

16CACF + 8C2
F 4C2

F − 16CFTf + 8CF

N

)

. (4.25)

After transformation to xB, it agrees with the leading powers on ln x given in eq.(3.65)-(3.68)
of [12].

5 Discussion

The main result of this paper is the power-like behavior of the flavor singlet part of g1 at small
x (eq.(4.23)). The (leading) power is by a factor 2.6 larger than in the nonsinglet case. This
effect is mainly due to the t-channel gluons states, which have a much larger color charge
(cf.eq.(2.28), (2.29)) than the quarks (comparing the pure gluon and the pure fermionic case

and neglecting the nonladder gluons one finds ωsinglet/ωnonsinglet =
√

4CA/CF = 3). As it can
be seen from a comparison of (4.14) and (4.20), the influence of the bremsstrahlung gluon is
of the order of 10%. Comparing the flavor singlet with the nonsinglet, one notices that the
nonladder bremsstrahlungs gluons act in quite different ways: in the present case, due to
the positive sign of the largest matrixelemnt of M8 (M8 11), the leading ω-plane singularity
moves to the left, i.e. the exponent of 1/x decreases from ωs = 1.12 to ωs = 1.01. For the
flavor nonsinglet, on the other hand, the nonladder gluons lead to an increase of the exponent.

As to the polarization of the t-channel ladder gluons, the following pattern has emerged.
In the unpolarized case, both t-channel gluons are longitudinally polarized (i.e. they are
in the nonsense helicity state), and the resulting behaviour is g(x, Q2) ∼ (1/x)1+O(αs). In
the polarized case, this leading contribution of gluon polarizations cancels, and the next-
to-leading configuration appears: one gluon is still longitudinally polarized, but the other
one has transverse polarization. The small-x behaviour is now of the form g1(x.Q2) ∼
(1/x)O(

√
αs). If both gluons are transversely polarized, the small-x behaviour is further sup-

pressed: ∼ (1/x)−1+O(
√

αs). This contribution has been studied in [13].

Compared to the small-x prediction of the standard GLAP evolution equation, the main
reason for the strong enhancement of our calculation lies in the different regions of phase
space. Whereas in the GLAP case we have strong ordering in transverse momenta of the

14

• ...But we also reproduce the G/G anomalous dimension 
in the large-Nc limit:

�(1)
S,GG(!) =

⇣↵s

2⇡

⌘2
8N2

c
1

!3

•Wherever our disagreement is, it greatly changes the 
intercept without changing the anomalous dimension...
•  Whatever	diagrams	they	exclude	do	not	miss	any	leading	

logarithms	of	Q2…	

•  Perhaps	our	disagreement	is	over	higher-twist	correc7ons?		That	
would	explain	our	35%	smaller	intercept….	


